Although BCS pairs of fermions are known not to obey Bose-Einstein (BE) commutation relations, we show how Cooper pairs instead do, contrary to popular belief. Hence, the latter can undergo BE condensation to account for superconductivity, as well as for neutral-atom fermion superfluidity where Cooper pairing is also expected to occur.
Introduction
It was recently proved [1] for the first time that a BCS condensate is indeed a Bose-Einstein (BE) condensate consisting of equal numbers of particleand hole-Cooper-pairs, at least for the BCS model interfermion interaction in the limit of weak coupling. This is truly surprising, and indeed significant, in view of BCS having said ( [2] , footnote 18) that "our transition is not analogous to a BoseEinstein condensation (BEC)." Somewhat later, Bardeen himself wrote [3] that "...the picture by Schafroth (1955) ...of electron pairs...which at low temperature undergo a BEC, is not valid."
A common objection to attempts to unify BCS and BEC theories [4] for a description of superconductivity has been that Cooper pairs cannot, strictly speaking, be considered bosons. In this Note, we draw a clear distinction between BCS pairs and Cooper pairs, showing that while the former are not bosons, the latter very definitely are.
The distinction also applies, albeit with a different interfermion interaction, to neutral-fermion superfluidity, as in liquid (k 1 − k 2 ) must point for the attractive BCS model interaction (1) to be nonzero for a pair of total (or center-of-mass) momentum K ≡ (k 1 + k 2 ).
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Qualitative
To be specific regarding the superconducting case, where, unlike the neutral-fermionic atom case, the interfermionic interactions are undoubtedly a very deep and problematic issue, consider an electron gas interacting pairwise via the Cooper/BCS model interfermion interaction [2, 17] 
where
′ of V (r, r ′ ), the (possibly nonlocal) interaction in d-dimensional coordinate space, and with r the relative coordinate of the two electrons. Here V > 0, and
is the maximum energy of a phonon associated with the vibrating ionic lattice underlying the electron gas, while E F ≡ 2 k 2 F /2m is the Fermi energy and m is the effective electron mass. This means that two electrons with momentum wavevectors k 1 and k 2 interact with a constant attraction −V when the tip of their relative-momentum wavevector k ≡ 1 2 (k 1 − k 2 ) points anywhere inside the shaded overlap volume in k-space of the two spherical shells in Figure 1 whose center-to-center separation is
Otherwise, there is no interaction and thus no pairing. For neutral-atom systems there is no cutoff ω D and V is not constant in k and k ′ , but our
, whose tips end up in the overlap volume of Figure 1 (of which only a plane is shown), that contribute to summation in (2) to determine a CP energy E K , illustrating why δ k,k ′ is always zero for CPs.
results below will continue to hold.
Acceptable vectors k end at all points of a simple-cubic lattice in k-space (in the 3D case) with lattice spacing 2π/L with L the system size, such that the interaction is nonzero. This includes all such points in the shaded overlap volume of Figure 1 ; see also Figure 2 . But, in the thermodynamic limit there are infinitely many acceptable k values allowed for each value of K for the K ≥ 0 CP eigenvalue equation [17] with interaction (1), namely
The prime on the summation sign signifies the restrictions in (1 ). For CPs consisting of equal and opposite momentum electrons K = 0 and solving (2) gives the familiar result
is the density of electronic states at the Fermi energy. This expression for E 0 is exact for all values N (E F )V ≥ 0 in 2D [where N (ǫ) is constant] and is otherwise a good approximation if ω D ≪ E F as occurs in many metals. In general, whether the interfermion interaction is between charge carriers or between neutral atoms, a CP state of energy E K is characterized only by a definite K but not definite k, in contrast to a "BCS pair" defined [ [2] , Eqs. (2.11) to (2.13)] with fixed K and k (or equivalently definite k 1 and k 2 ), even though only the case K = 0 is considered there. This holds for the original or "ordinary" CPs [17] as in ( 2) . It is also true for CPs defined more self-consistently (i.e., without excluding two-hole pairs) via the many-body Bethe-Salpeter (BS) equation, in 3D [21] as well as in 2D [22] . Hence, BE statistics hold for either ordinary or BS CPs as their CP energy E K level has no occupation limit.
We now show that whereas BCS pairs do not obey Bose commutation relations, CPs instead do.
Quantitative
Consider fermion creation a † k1s and annihilation a k1s operators satisfying the usual anticommutation relations
Let the BCS-pair annihilation and creation operators, respectively, be defined as
where, as before,
are the relative and total (or center-of-mass) momentum wavevectors, respectively, associated with two fermions with wavevectors
We show in the Appendix that b kK and b † kK satisfy: a) the "pseudo-boson" commutation relations
are fermion number operators; as well as b) a "pseudo-fermion" anti-commutation relation
Our only restriction is that
Clearly, BCS pairs are not bosons, as they do not completely satisfy [23] the ordinary boson commutation relations
If K = 0 (so that k 1 = −k 2 = k, the case considered by BCS), and calling b kK=0 ≡ b k , etc., (8) and (9) become Eqs. (2.11) and (2.12) of [2] , and (11) becomes Eq. (2.13) thereof. See Appendix. In contrast to BCS pairs obeying (8) to (11), CPs, on the other hand, occupy a state of energy E K with a definite K but with different values of k. Thus, for any two CPs with the same K, k = k ′ , such that δ kk ′ = 0 and both (8) and (9) satisfy (12) and (13), respectively, and for these CPs (11) becomes a trivial identity. Clearly, the case k = k [24] to be 0, 1, 2, ..., in agreement with BE statistics as was concluded qualitatively in Sec. II. We note that all this holds for any coupling, i.e., regardless of the magnitude of CP spatial extension and consequent mutual overlap.
Lastly, we mention that a recent electronic analog [25] of the Hanbury Brown-Twiss photon-effect experiment claims electron pairs to be definitely bosons.
Conclusions
Any number of CPs with a definite K but different values of k can occupy a state of CP energy E K and thus not only obey BE statistics but (as the latter would demand) also satisfy boson commutation relations (12) for k = k ′ . Hence, CPs can undergo a BEC, and this statistical mechanism may be used to construct a microscopic theory of superconductivity or of neutral-fermion superfluidity, hopefully leading to calculated T c values based on first-principles, without adjustable parameters, in agreement with observed ones.
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The last term, after anticommuting all creation operators to the left and recalling that δ ↑↓ ≡ 0, etc., gives
. Inserting this into (A.2) leaves precisely (8) if we recall the number operators (10) .
To prove (9) write
↑ a k2↓ a k1↑ using (5). Or, using (7) one has
The first term on the rhs is easily brought into a form cancelling the last term by simply anticommuting all operators with primed subindices to the left, thus proving (9) .
Finally, to prove (11) write since (a K/2±k↓ ) 2 ≡ 0. Hence (11) follows. QED.
